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The Attraction of a Homogeneous Spherical Segment. 

By G. Greenhill. 



Mr. G. W. Hill has arrived at the unexpected result that the attraction of 
the homogeneous segment of a sphere (a flat lens) can be made to depend on the 
complete elliptic integral, first, second, and third, and thence is expressible 
by the function F<p and Eq> of Legendre's Table IX (American Journal of 
Mathematics, Vol. XXIX, No. 4). 

The result is unexpected, as the ordinary method of dissection leads to an 
integral of intractable nature, where elements of the integral are symmetrical 
with respect to the axis GO of the segment in Fig. 1. 

But by cutting the segment up into slices by planes perpendicular to CP, 
drawn from C, the centre of the sphere, to the attracted point P, each slice QRQ' 
(Fig. 2) is the segment of a circle of which CP is the axis (the line through the 
centre of a circle perpendicular to its plane) and the components of attraction 
perpendicular and parallel to CP, as well as the potential of the segment at P, 
are given by simple functions. 

This is the dissection employed by Mr. G. W. Hill ; and a final integration 
by parts enables him to reduce the components of attraction of the spherical 
segment to an algebraical quadrature, which proves to be of elliptic character. 

The object of this memoir is to resume the consideration of this elliptic 
integral and to show that the result can be made to depend on the complete 
elliptic integral of the first and second kind, and on two complete integrals 
of the third kind, expressible by incomplete integrals of the first and second 
kind. 

Interpreted geometrically these two third elliptic integrals can be taken to 
represent the apparent area, or magnetic potential, of the base AQB (Fig. 3) 
of the segment, as seen from P, and another point P' on the radius CP which is 
inverse to P with respect to the spherical surface. 
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The analytical reduction is thus similar to that employed in the "Elliptic 
Integral in Electromagnetic Theory," Transactions American Mathematical Society, 
October, 1907, referred to in the sequel as Trans. A M. S.; and to facilitate 
the identification of results the same notation will be employed, taken from 
Maxwell's E. and M. {Electricity and Magnetism). 

Used in conjunction with Mr. Gr. W. Hill's notation, this will require a 
change of his a into c to represent the radius of the sphere, retaining Max- 
well's a to represent the radius of the base of the segment. 

As we shall not require Mr. Hill's b, no change need be made to avoid con- 
fusion with Maxwell's b, representing MP, the distance of P from the plane of 
the base AB. 

The other symbols, x, y, <p, are retained, as employed by Mr. Hill ; but we 
have found it convenient to change his x' into r, although we shall have occasion 
to use r to denote PQ. 

There are so many quantities to be distinguished that the same letter must 
be used occasionally, with due warning, for more than one meaning, if the con- 
ventional notation is to be preserved. 

Following Mr. Hill, we begin by the calculation of Y, the component of the 
attraction perpendicular to CP, by slicing the spherical segment into segments 
of a circle on the same axis OP, made by planes perpendicular to OP ; the com- 
ponent attraction of the circular segment perpendicular to OP then represents 

1 dY 
Op dx 

in the spherical segment, p denoting the density and O the constant of gravitation. 

Attraction of the Circular Segment QRQ' at a Point P on its Axis OP 

(Fig. 2 and 4). 

1. The attraction at P in the direction Pn of the line element qq' is: 

XnvPn dz_ _ r n « 2Pndz nr l m _ 2nq (l ^ 

mPr'Pr*~Jo (Pn 2 + s 2 )f ~ Pr . Pn\- m ~~ PQ . Pn' U 

so that the component attraction of the segment QRQ' in the direction LB 
perpendicular to OP is : 

/ LR Ln^ Inqdy _2^ P V (LQ % — y % )ydy 
LNP~n"PQ.Pn~PQJ PL % + y 2 

— o pn c u. d y L r y d y 

-^UJ (PL* + y*)s/(LQ*-y*) PQJ V(LQ z -y*) 

= .*-$-.$ = .*-■£$. <■) 

49 
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or 



r _ x log PQ+j?Q _ x log l+p r4 v 

«/i - 2 log p(3 _ ^ - j log — -p, (4) 

in Mr. Hill's notation for P; and 

th Ji = || = P = sin QPN, (5) 

and the angle QPN is the hyperbolic amplitude of J x . 

2. The notation, representing the various lines on the figures, is taken to 
agree as closely as possible with Maxwell and Mr. Hill : 

OA = a, OM=A, MP = b, 

OGP — p, OGA = y, BA = e, 

OA = c sin y = a, C ' = c cos y = a cot y, 
(7P = r (or a'), (7i = x, LP = r — x, 
MP = c cos y — r cos 4> = 5, 

Supposing a; to range between 

sc-j = a = c cos (4> — y) and ar 3 = b = c cos ($ + y), (1) 

#3 — sc.a; — £c 3 = — sc 3 + 2cjc cos q> cos y — c 2 cos 3 $ + c 3 sin 3 y. (2) 

To pass from x, the variable employed by Mr. Hill, to Maxwell's 0, repre- 
senting the angle AOQ in the plane of the base in Fig. 3, 

x = CD — N sin <£> = c cos q> cos y — a sin <jb cos 0, (3) 

PQ z =zr 2 + c 2 — 2rx = 4 2 + 2.4a cos + a 2 + 6 2 , (4) 

i(P4 2 + P5 3 ) = r 3 — 2crcos£cos y + c 2 = 4 2 + a 3 + J 3 , (5) 

LN — MN cos <£ + PM sin <?> = (J. + a cos 0) cos 4) + b sin $, (6) 

Pi = JOf sin 4» — PM cos $ = (A + a cos 0) sin $ — 6 cos $, (7) 

PiV 2 = (J. + a cos 0) 3 + 5 s , (8) 

Then 

1 <? F t- . , • /, a sin . , . « 

— = y^ = J, a sin A sin =-^— a sin d> sin 

2Crp d$ 1 ^ PQ r 

= — a sin <£> -^2 («A cos 0) + a sin $ cos -^ — sin <£> -^-^ . (9) 
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Now 

dJ x „ d ,_! g#_ QN (cosO , J. + a cos ■ A 

_ a cosfl , (giV 2 J. + acos0 , _v 

~ "T^ - + iW 2 * P£ ' U ' 

1 <? F • ^ d , T a\ , ■ _^a z cos z 6 

. . ^QN Z (A + a cos$) a cosd . . QN Z .... 

+ « n *^ pq Sin ^ Tg » (11) 

1 dY 



2tfpsin<£ d0 

d n a\ . a 2 cos 2 . OjV 2 ( J. + a cos 0) a cos 0iV 2 

- a ^^ cos0 ) + -pg- + P^ - pg pV 

„ . , . , QN Z PN z —b z —A(A+acos6) Q2P 

~ "*" i "P^ 2 ' pg pg 

~ + pn z 'pq rw pg / 

e? / i , m T , a 2 . J.acos0 OiV 2 QiV" 2 6 2 /10 x 

the star representing a term repeated. 

Now J x vanishes at the limits, A and 5, so that 

7 _ C^^J^-J^ p AacosOdd p QN 2 dd ■, P QN Z bd$ , -* 
^psin^ - ^ PQ J PQ ~ ^ P§ " J PN Z PQ' { } 

consisting of complete elliptic integrals, of the first and second kind, and the 
last term of the third kind, representing geometrically the apparent area £2 of 
the base AB as seen from P; as is proved by a dissection in Fig. 3 into line 
elements QNQ' of length 2 a sin and breadth a sin $d6; the apparent area dCl 
at P of the element being 

, 2 a sin b a sin Odd QN Z b , t .v 

aLl PQ~ 'PN'~~PN JPWPQ- (V 

Thus 

* = {Pa — QA — 8— D.b) sin <p, (15) 



_ f»'ad$ n _ r — acos6d6 o_ P QN Z dd 
-Jo PQ' U-J PQ —> *-J PQ ' 

o— W ^ 

A J PN 2 ' PQ' 



(16) 



and on reference to the Trans. A. M. S., P is the potential of the circumference 
of the circular base AB, and 2 n QA is Maxwell's M of § 701, E. and M. 
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3. The attraction at P of the line element QQ' of the circular base AB in 
Fig. 3 is along PN, and by (1), § 1, is equal to 

Ptf Q 'pQ > havin S components jjffi,' pQ and p^ z ' pQ , (1) 

perpendicular and parallel to the base ; so that, W denoting the potential at P 
of the base AB, covered with superficial density o, 

_ 1 dW_ r QQ^PM asin6dd - 2 CQN* bdd_ () 

G^~db~Jo PN z .PQ asm(Jdf) - 2 J PWp-Q~ Ll > C2) 

= 2 /(^-wV= ft (3) 

since J x vanishes at both limits, A and B; also 

J-^=P (4) 

Go da ' K v 

the potential of the circumference of the circle AB. 

Then, since W is a homogeneous function of the first degree in a, A, b, 

txt dW , A dW ,,dW ,_. 

W=a lU+ A dA +h -dF> ^ 



W =Pa—QA — ab, (6) 



and we can write 



Go 



J- 9 = (lTo- S )^ <*> 



and it is shown in the sequel, (13), (14), § 13, that 

s _ PAKPB* d£l_ p^' + q' + ft' 

*~ * Ab JA~ fr * V A W 

Interpreted in electromagnetism, Q. is the magnetic potential of the base AB 
magnetized normally, or of unit current circulating round the rim, while Q is 
the potential when the circle is magnetized parallel to AB; and 2n Q A is the 
vector potential on Stokes current function of £i (E. and M., § 703). 
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Along the axis CO, $ = 0, A = 0, PQ = P-4 : 

fl = 2*(l-^), (9) 

* a 2 dd , n PAacosOdd 



■X'^+'f 



(rpsin^ Jo PA ' J PA 

_ 2 f<**M6d6_ 2nPO ( 1 _PO) 

2nd 2 , . na* _ Dn , . PO* (PA — POf „.* 

= ^x + Q "pz- 27t - PO + 27t px =7t p^ • ( 10 ) 

Thus a smooth particle on the surface will make n/2n ~/sec, about the 
position of equilibrium, at the vertex K or at 0, where 

2 n (KA — KOf n OA , 1lN 

rc 2 =ffp7t v ka:ko j > or Gpn-QQ. (11) 

4. The component attraction of the segment $i?§' m the direction PC is 

PPL Ingdy _ PL P V(LQ z -y z )dy 
J Pn PQ.Pn PQJ PL % + y % 

-o C PL.PQ.dy PL P dy_ 

~ l J (PL* + v*)s/(LQ*-y*) *PQJ.. 



where 



(PL* + y*)s/(LQ z -y*) PQJ V(LQ z -y*) 

= 2J S -2^J Z , (1) 

,LN ■ _,QN , _, QN ,.. 

Jz = cos LQ = Sm LQ =tan ZN' < 2 > 

1/3-008 7W7LQ- S1 PN.LQ tan PQ.LN' {6) 

and J 3 is ^XiV", the angle between the planes PZQ, PL A', while J" 3 is the 
complement of the angle between the planes PQN, PQL. 
Then, in Mr. Hill's notation, 

1 dX> _ T PL T ,.. 

= J 3 — -pn J 2> ( 4 ) 



20p dx 6 PQ 

and X' will represent X, the component attraction along PC, provided PC does 
not cut the base AB; otherwise a modification is required which is given in the 
sequel. We divide X' into two parts, X x and X 2 , where 

1 dX x _ r 1 dX z _ PL T , . 

— J 3, 573- -j— — — p7) «/» 5 U>J 



2#p da: s> 2#p da? P$ 
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and then 

1 d X 1 _ n T a . n a d ln T nno m j_ n nna fl _ 

d6 



2 6rpsinft dd 

and, with LQ Z = c z — x % , 

dJ 3 „ d . , PL.NQ 
~dJ~d6 PN.LQ 



— .^ ^ -j^ = a «/ 3 sin = — ~^(aJ 3 cos 0) + a cos -^ , 



(6) 



_ PL.NQ 



x 



dx' 

dd 



a sin sin ft , ( A + « cos 0) a sin , cos 



(7) 



~ PQ.LN _ 

in which, with 

PL = (A -f-acos0) sin ft — 6 cos ft, LN = (A + acos0) cos ft + b shift, (8) 



a sin ft sin (.i + a cos 0) g sin -, LN .a sin0 

PL + PW PL . iW 2 ' 



(9) 



x 



di 



COS0 

sin0 + LQ 



so that 



d0 _ LN [a cos ft + (A cos ft + & sin ft) cos 0] 

sin0Z£ s 

LN(c cos ft — a; cosy) 

sinysin0Z<2 s ' 



(10) 



and, with 

1 dXi 

2Gp d6 



dJ s _ a 2 sin 3 b , a PL (c cos ft — x cos y) 

16 ~ L2P~'PQ + m^ LQKPQ 

_ t d£1 , (r — x) (c cos ft — x cos y) 

~ 5 W" 1 " c (c 2 — a^)pg 

a sin ft cos = c cos ft cos y — as, 



(11) 
(12) 



d 



• ^ "> / t a\ i ■ ^ aT QN 2, b , (r — ») (ccosft — a5C0sy)~| 
S1 nft w (aJ 8 cos0) + «sinftcos0[_-J F ,.-p^ + C ^ lq» , PQ U \ 

i • * f id J, . a b cos , , A dD.\ 

+ sm *(- b id + -pit + iA ~dd) 

, (c cos ft cos y — x) (r — x) c cos ft — x cos y 
+ C c 2 — a 2 * P$ 



ccosft — acosy , ^c(l + cos ft cos y)(r + c) ccosft — acosy 

- • + • -o ^ + ^j^ p^ 

Jc(l — cosftcosy)(r — c) ccosft — as cosy 
<T=^ * PQ ' 



(13) 



so that three elliptic integrals of the third kind appear in this expression for X x . 
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But if P' is the point on CP inverse to P with respect to the spherical surface 



and with 



CP> = C j, P>L = ^-x, and^| = ^, (14) 

1/3-008 P'N.LQ~ Sm P'N.LQ* (15) 

d$ 2 dd + ° LQt.P'Q 

t dO.' , (c 2 — x r) (c cos ft — x cos y) /, fi \ 

~ * dd ^ (c* — x*)PQ ' { } 

where QJ denotes the apparent area of the base AB at P' ; and then 

^(J s +in + Ji + hV)=^^ CG0S *f Q XC0Sr , (17) 

^ { j 3 + hn _j,_, ni) = ^ccos<p- ( XCO Sr} (18) 
1 dX x __ 



2G t p d0 

. . d , T m 7 • . <^/i . . ^a&cosfl ccos* — a cosy 
— Bm Qj$( aJ s cos0)— 6sinft^+ smft— ^ c ^^ £ 

+ i(6co S ft + r)^ + ic^'+ccosftco S y^ + c^. (19) 



For the calculation of X % , 

1 dX 2 PZ 

2(?p da; Pg 

and 

Pi 



J» (20) 



dx— I 7 - r - — 5 ^ ci «* = 2 — P#, (21) 



so that 

1 
YGplTd d 



rev — sT 5 — •^•« / sJ + — ^ — P ^, (22) 
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where 



a 



sin0 



J = tan -1 -^— = tan -1 

' 2 """ LN (a cos + A) cos $ -j- b sin $ ' 

<#J 2 ( J. cos 6 + c) cos $ + b cos sin <£> ccos^) — sccosy 

1 dX 2 _ d /rx—2r* + c 



(23) 



2Gp d0 



_ d frx—2r' + o' pn T \ 

-~d~e\ 3~P -fV'*) 

, c (rx — 2r z -\-c z )( — 2rx + r 2 + c 2 ) ccos$> — a? cosy 
t 3P g z — x z ' PQ 



_ , , c r„ a (2r — c)(r-|-c) 3 (2r + c)(r — c) 3 ~] c cosft — arcosy 

— * "^SPL ^ 2c(c + ») 2c(c — x) J PQ 

— + 4- 2 o cob fl— a; cosy (2r — c)(r + c) 2 <Z /r .in .7/4.1 qm 

- (ar + ; ) t , ( f-° ) ' ^W+*Q-^-*Q0 

= * + * -|^« + * fl )-(— ^jSjW+W. (24) 

the star replacing a term repeated. 
Then, by addition, 

1 dX' _ , • ,<2«7i d /rx — 2r a + c 2 Dri r \ d , T , 

TGj-dT h8m *di-d~d(. 8F 3L - PC ' Ji h^ (r - a, ' / " ) 

— £acos<?)-p^ — i(J.cos<£ — 2 6sin<?>) p 

So long as $ >• y, JT' = X, and / 2 , J 3 vanish at both limits, as well as J x ; 

and 

X 9 , /'"(!(iS . .,, , r.7 ■ *\ P — acosddd 
= -%aco8<l>J o —+i(AcoB<l> — 2bBm<l>)J ^ 

+ n&cosd>+$D.r+in / ^ 

r 

= — -p— cos <£> + f Pa cos <|> — f Q (A cos $ + b sin <?>) 



c 3 



+ l&r + \Q!^. (26) 
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5. But when $<Cy, GP cuts the base AB, and the attraction X" must be 
added of the spherical segment cut off by the plane BB' perpendicular to GP ; 
and X" is obtained by replacing J 2 and J 3 by n in (4), § 4, and integrating from x z 
to c j then 

i ax" _ ( pl\ m 






Gp J** L (r 2 + c 3 — 2ra>)* 

At the upper limit we must now take J 3 = 71, JJ,' = — n, and then 



(2) 



^*L = ^ + •*" = same value as in (26), § 4, (3) 

so that there is no discontinuity in X as P crosses the line CB. 

As a verification for X, consider the case where P is at K or 0, when $ = : 

X -_2|| 3 + n& + iar + iri /^. (4) 



G P ~ 
At iT, we must take 



r = c, & = — c(l — cosy), fl = — 2ti(1 — sin^y), 1 
jQ' = 47l + H, n + n' = 47tsiniy, J 



(5) 



^ = 4*csin 8 iy-|wcsin 8 iy = 2w.tf0(l— 1|§), (6) 

agreeing with the result of a direct integration, as for X" in (2). 
At 0, we take 

r = a? 2 = c cos y, b = 0, £l = 2 7t, ft' = — 2 7t(l — siny), (7) 

^ = -f^« + t^r-f 7 ^ 2 ( C -a) = f7tc(- S in y + co Sy - 1+ 1 giny ), (8) 

agreeing, when the sign is changed, with the value obtained by integration. 
For a hemisphere, y = \ n, 

■^ = 2*c(l — i\/2), atiT, = — nc, at 0. (9) 

50 
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In the plane of the base of the hemisphere, $ = \ n, 

^ = iOr + in'^, (10) 

r>c, £1 = 0, fl' = 2* ^=^, (11) 

r<c, £l = 27t, £1' = 0, -§j=i7tr, (12) 

a verification. 

6. If V denotes the gravitation potential of the segment or flat lens, 

i dV __ jX—W cos q_ !p acos<?) 



Gp dr Gp~ Go 



c 3 



+ %Q(Acos<l> + bsm<p)-}!£lr-i£l'^, (1) 



1 dV T TT. Al2D . Al n ^L 3 + a 2 + 6 2 . . ,_* 

^^^ = -^p = -^ Sin ^ + fPaSm »-^ 4 Bm »' (2) 

1 dF X . A F „ A 

_^ = __ sm <£ — -^ cos <?> 

Crp rfJ. Gp T Gp T 

= _ J fl r sin $ — | H' -j, sin <£ + J Q (b + 6') 

= -J(XiJ.-e6)-i^(a'^-Q'6') (3) 



(an accent referring to the point P'), 
1 dV X A F • „ 

^■3F = ^ 00B *— (T P sm<? 



W n 8 

= -^—l £ arcoa<l>-l l a>~t<sos<l> + $Q{A + A')-%Pa 

= ^— |(nrcos^> — g^) — i^(n'r'cos4> — Q'A') — fPa. (4) 

We shall find in the sequel, § 8, that these components are derivable from 
a potential V, where 

— J Pa J.cot^> + J § J. c cosy. (5) 
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The cyclic constant in in Q. and D.' will give rise to the terms 

4 7t(ic 3 -4r s ), and |*£, (6) 

y 
in-^-, corresponding to the potential, inside and outside, of a solid sphere. 

The Attraction of a Spherical Bowl. 

7. The bowl is supposed constituted of a superficial density c over the 
spherical surface of the segment ; and a similar dissection by planes perpendic- 
ular to CP will show that X 1} Y u the components of attraction, will be given by 

1 dY 
YT~ -j— * = component attraction perpendicular to OP of the arc QBQ' 
Cr O ax . . _ 

m Jig. 2, allowing for the slanting section, 



__ 2 c . $iV 



3 > 



PS 

1 (17. „ . . . a a sin 6 

G^dF = 2ac8m * 8me ip<r 



(i) 



2ac . , d /flsmt)\ „c . .acosO , nN 

= T sm ^(-pg-;- 2 z sm *w~' ( 2 > 

•£ = a^sin* r -*™ 9 ** = Q G ~, (3) 

1 dtJC? __ 2c.PL.J 2 ___ 2c(r — x)J 2 
Get dx PQ 3 (r z + c z — 2rxy 

2c d /c s — rx ,\ . 2c c 2 — rxdJ 2 ,.* 

~~^d^\P~Q~V + 13'~PQ~llx~' K) 

1 dJT{ __ 2c d ( c* — rx _\ c 3 d , Q , ,,\ ,-v 

Then, if <?> > y, X[ = Z x , and / 3 , Jg are both zero at B, so that 

But if <£> <; y, X{' must be added to X{, where X" is obtained by putting 
J 2 = n in (4), 

1 <2Zi" _2nc.PL 



(7) 

i" o r c r — x j 2nc /c z — rx 2 . \ , Q v 

L = 27tc/ 7-x— — s ^dx = — r ( — p +c), (8) 



Qa dx PQ 3 

M* -o~„ r * — * 
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and with J 3 = — n at B, 

X, _ X{ + X[> _ a , c 2 , 

as before in (6), so that there is no discontinuity in X x as P crosses CB. 
At the vertex K, where $ = 0, A = 0, 

P§ 2 = il 2 + a 3 + & 2 +24acos0=irJ. 2 (l+Mjcos0), (10) 

Fi 2acsind> /»«• / a . J.acos 2 \ , a 7ta 2 c . . 

so that the small oscillation of a smooth particle on the surface of the bowl 
near K is given by 

*f + M » S in* = 0, where „*=_?_ = ff<r g| ; ( 12) 

and the number of oscillations for second is n-^-ln. 

The Potential of the Bowl and the Spherical Segment, a Flat Lens. 
8. With the same dissection, denoting the potential of the bowl by U, 

JL ^- = potential at P of the arc QRQ'X sec GBL 
Oa ax 

1 d W 2c d /Tir . TN . 2c 2 ccos* — xcosy ^^ 

Crcr c£0 r dv r c" — ar 



• 



2 c 2 1" (r + c) 2 , (r — c) 2 "1 c cos <p — x cos y 
"•" ~r~ |_2c(e + a;) + 2c (c — cc)J P$ 






= • 



+ 0^(2^ + 11) + ^ (2 Ji' + il'). (2) 



With #>y, U=U', and J 2 , Jj,, J 3 ' are zero at 5; 



^ =n c + n'-. (3) 
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But with $ < y, U" must be added to V to obtain U, where, replacing 
J % by 71 in (1), 

and now J 3 becomes % at B, and J 3 ' becomes — n ; and then 

£, = &c + a> I s , (5) 

so that there is no discontinuity in U as P crosses GB. 
Expressed by its mass M = 2 7toc . OK, 

We can now determine the potential F of the segment in a simple manner 
by considering it as a homogeneous function in the second degree of the dimen- 
sions, and by calculating the variation when the figure swells by variation of r 
and c, y and <p remaining constant ; and then 

_ T7 d V . d V y , d V ,-n 

2F = r ^ +c ^ = - Xr + c 57- (7) 

Now the variation dV, due to the change do in c, is equivalent to the 
addition of the potential of a spherical bowl on the surface, of thickness do and 
superficial density pdc, less the potential of a circular disc of radius a = c sin y, 
thickness do cosy, and superficial density p do cosy; so that, from (6), §3, 
and (3), §8, 

* ^flo + fl'^-^cosy, (8) 

Op dc r (jtG 

^J- = J5- r cos A — | Pa r cos 4> + f Q r (A cos q> + b sin $) 
Crp 6r(T 

_iar 2 -ifi'^ + n c 2 + n'^-^ccos r , (9) 



which is equivalent to the statement in (5), § 6. 

9. The potential V may be calculated directly, by the method employed 
for X and Y, from the relation 

-4 — r— = potential of the circular segment QRQ' ,_,. 

r at a point P on its axis CP. 
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The potential at P of the line element qq' is 

P n «dz_ = n dz -\ 0Z P( l + nq _ h _ inq , 

J-naPn J V(Pn 2 +z 2 )~° g Pq — nq~ PQ' ^' 

since Pq = PQ round the periphery of the circle in Fig. 2. 
The potential then at P of the segment QRQ' is 

= - 2 X^h-.|e +2 Peco S -^f-2P2,oo S -.^||, (3) 

or, in the previous notation, 

-^ p ^=-^LN.J 1 +2PQ.J 2 -2PL.J 3 . (4) 

Thence V was found by an integration by parts similar to those above > 
this was the method employed at first, but the work was very heavy, and it is 
omitted here, as the result obtained by the short method in (7), § 8, was found 
to be in agreement. 

10. The well-known expression for the potential Y of the homogeneous 
ellipsoid 

a 2 + F + C 3 ~ 1 W 

may be interpreted in the same way, by treating V as a homogeneous function 
of the second degree in the linear scale of the ellipsoid, and in x, y, z, the 
coordinates of the point P ; so that 

ojr dV . dV . dV . dV 
da dx dy dz 

= ^-*x-yr-*z. (2) 

Taking the components of attraction, X, Y, Z, as known, 

X 'J ,Z = 2sA, 2y B k , 2zG X) (3) 

A n p _ /*" Inahc d"k , , 

P = ±.% + aK* + b\X + c\ A, + B K +C, = ^^; (5) 
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the variation dV due to the change da may be considered the potential of a film 

in electrical equilibrium, of superficial density p±- da, where p is the perpen- 

dicular from the centre on the tangent plane ; and the theorem 

dV / ,c °47l Go ale d"k ,„, 

a da- = l VP ' (6) 

being taken as known, then 

Gp ~ Jk \ 7i + a 2 a, + b 2 a, + cV VP { ] 

is the result in consequence. 

The Stokes Current Function. 

1 1 . In these investigations of the attraction of a body symmetrical about 
an axis Ox, the current function is useful, invented by Stokes {Cambridge Phil. 
Soe. Trans., 1842). Denoting it by N, for a potential V, it satisfies the relations 

dN „ dV dN_ _ dV _ 

d^= 27ty iry> dy=- 27t ydx~> ^) 

d /l dN\ , d /l dN\ _ . . 

dxxydxJ dy\ydyj ' ^ ' 

while 

Thus in Maxwell's i£. and M., § 703, Jf = lit Q A is the current function 
of the magnetic potential £1. 

If the ellipsoid in (1), § 10, is of revolution about Ox, b-=c, 

V _ P x ( x __ x 2 _ y 2 + z 2 \ TtaVd -k , , 

Gp ~ Ja \ a+a 2 Ti + b'J (a + 6 2 )V(a + a 2 )' W 

and we find 

N _ 2 „ 2 7ta& 2 ;c 3 

27i<?p - Xy A 3 (a + a 2 )i 

— ifl.„»J 7tab 2 xy 2 2 7ta5 2 a; 3 ,. 

- 2 xy jl k (^ + J2)V(a + a 2 ) 3 (a + « 3 )*' lj 

2^#"p~^ - ly ^- y dy> 2nGpdy ~ ZxyA "- y dx ' {6) 
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Thus the velocity function for motion of the ellipsoid along Ox with 
velocity U being 

♦ = -sJr^v or --^h when Bo=G °> (7) 

the current function is 

and when the ellipsoid is reduced to rest, and the fluid streams part, 

*=-^0+4)' ^M 1 -!)- (9) 

making ^ = over the surface. 

In the magnetic analogue, the spheroid, of soft iron of magnetic perme- 
ability (i, held with its axis parallel to a uniform magnetic field of strength X, 
will have 

♦-*■[-'&#*]; ♦-»"■[' + 5S^4] (10) 

in the exterior field, and in the interior 

A _ 4 7tXa; i _ 27t(i Xy % . /.^ 

^-^^, + 2^' ^-(iA + 2B ' K > 

reducing for fi = to the hydrodynamical case of (9). 
For an oblate spheroid, putting 

X + a 3 = (b 2 — a 3 ) cot 2 0, X + b z = (5 s — a 2 ) esc 3 0, (12) 



^ = 



(F _ a3)f (^-sin20), 5 0=(T ^ rf [ 6 3 cos-^-«V(i 3 -« 3 )]. (14) 

If « denotes the potential when the spheroid is insulated and electrified 
by a charge Q to potential v 0) with <?<r the electric density at A, 

» =1^=4^0, «= fedS=4*b: (15) 

so that the capacity is 5/cos -1 -r • 
For a disc, with a = 0, 

A-2?t, i^o-0, —-35, 2£ ~ n> W 

a ™ d = PZT7B > (17) 

and the capacity is S/i 7 * (^ aM( ^ ^, § 151 )- 
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12. If L denotes the current function corresponding to the potential W of 
the circular disc AB, it was found in Trans. A. M. S., pp. 501, 513, 

L =—iPab-±QAb + ±Q.(A*-a z ), (1) 



2n Ga 



giving 



dL _ QA __ l dW . 



27t Ga db ^ Go dA 

1 dL _ aA „ 1 d TF 



2 7t ffff dJ. ~ Ga db ' 

1 ^ = -PJ-ft«, (2) 



2n Ga da 

and this last is the current function of P, the potential function of the circum- 
ference of the circle AB. 

On reference to Trans. A. M.S., p. 5 13, we notice that „ n ^ - will give the 

coefficient of mutual induction between the helix, employed in the Ampere 
Balance of Ayrton and Viriamu Jones, of pitch p, height b, and radius a, and a 
coaxial circle of radius A in the plane of one end of the helix (Phil. Trans., 
1891, 1907). 

The current function M of the potential U of the bowl is found to be given by 

- M =—Pac+ QAc + £lc z cosy + £1' c z cos<p 

W JJ 

= —Cra C+ Ga rC0S *> ^ 



satisfying the conditions 



2n Ga dr * r Ga rd$' 

1 dM =-a> C lsin^=:-A^-=:A dU 



(4) 



2nGard$ r r Ga dr ' 

If N denotes the current function of V, the potential of the solid segment, 
treated as a homogeneous function of the third degree, it can be determined, in 
the same manner as V, from 

ZN = r^ + c d ^=2nYrHm<p + c d ^, (5) 

dr dc T dc v 

where 

i® = M-L<xx r , (6) 



2n Gp 
51 
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and this value of N is found to verify in giving 

2 it db ~ dA' 2ndA~ db' K) 



We can now write 

V 



^o = - i 2^Ga-^a^ + CGOS ^ + ^Wo 



_ 1 U-Wcosy , L ,Wb () 

_3 ~ Go J 2nGo z Go' K) 



13. In these differentiations it is useful to note that 

a dP_ A dQ_ b dD. = a H__ A ^--b d ^ = 

dA dA dA ' db db db ' 



a dP_ A dQ_ b da = 

da da da 



making 



— o P" — a(A + acosO)dd dP _ 9 f 
dA "Jo ' PQ 3 ' db ~ J PQ S > 

dP _„ r (Aaco8d + A z + b 2 )dd 
da ™ J PQ 3 " ' 

dQ _ „ f a cos 6 (A -\- a cos 6) d 6 dQ _ PabcosQdO 
dA~ J ~ PQ S ' db~~ J P~Q 3 ' 

*Q — 2 C — (Aa cosO + A 2 + tf) cos6 dO 
da ~~ J PQ S ' 

d£l _ 9 P abcosQdQ _dQ 
dA~ J PQ 8 ~db' 

dQ. 9 f* — A a cos 6 — a 2 ^ fl dQ Q 

lb" J PQ 5 dA A> 



(1) 



1 dW n 1 dW ~ . W D ~ . ~, ,„>. 

-~ y-j- = — Q, 7t- -jT- = — ", m -ft- = Pa — QA — Lib; (2) 

Go dA ^' Go db 'Go * v ' 

and other useful differentiations are: 

dP _ P' — a(A + acos6)dd dP _ f — abdB 



(3) 



(4) 



(5) 



P<2 S 

da dA db ' da dA db x " 



d£l _ A da ^dQ. _ f a?bdd dQ. _ _dP ,* 

a da~ dA db ~ J PQ 8 ' da ~ db' {) 

, dP - A dP _*dP dQ__ A dQ ,dQ 
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Denoting 

PA 2 . PB 2 = (A 2 + a 2 + b 2 ) 2 — 4 A 2 a 2 by Z>, (8) 

we find that, expressed by P and Q, 

d£l_dQ_ p 2Ab A 2 + a 2 +b 2 .. 

dA~db-~ Pa -D- + Ql D ' (9) 



d£l _ dQ Q _ D ^L 2 -a 2 — J 2 nJ ^l 2 — a 2 + Z> 2 
~db dA~A~ Fa D ~ qA D ' 

dP _ da A 2 — a 2 + b 2 , n A 2 —a 2 — b 2 
JJ _- FA _ +<4a _ , 

dP __ ph A 2 + a? + b 2 . 2ab 

Also 

SA 2 = iPaA 2 -iQA(A 2 + a? + b 2 ), tf=_±-^g, 

derivable by integration of 

J - d {Aasmd.PQ) = -3 pQ + 2-^ + (A 2 + a 2 + V)-pQ~ , 
dSA 2 r , A , dSA 2 , D n ,> . _ WA . n . 7 

-db- = - QAh > ~dA =(?*-QA)A= igv + n.Ab. 

Again, since 

J^ dV_ _ d£l c dP.' c 2 _ a , c^ __ _ X± _ _ n , c 2 
Ga dr dr dr r r 2 Ga r 2 ' 

1 dU _ d£l c , dO[ c 2 __, r i — -Q c 
Ga rdty rdq> rdq> r Ga r' 

it follows that 

d£i . d£i' n dQ. , dQ.' n 

r -=— + c -t— =0, r ~= \- c -, — = -Or, 

dr ^ dr ' dq> ^ d$ * ' 

czn , <m' n . cm , <m' _ n . , 



10) 

11) 

12) 
13) 

14) 
15) 

16) 
17) 

18) 
19) 



This collection of formulas is useful for reference in the differentiation of 
the potential and current function. 

14. These expressions for Fand N give the potential and current function 
of a flat lens, and addition or subtraction will give them for a lens, concavo- 
convex in Fig. 5, or double convex as in Fig. 6. 
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Then if C x is the centre and c x the radius of the second spherical surface, 



V-Vi _ x w co , x Uo-U lCl 
Gp -3-^^^1-1-3 ^ , 



for the concave lens of Fig. 5 ; and in Fig. 6 for the convex lens 

V+Vi -tW rp , x Uc+ U lCl 
Gp ~ 3 Go ° 0li " 3 Gd ' 




Fig. 5. Fig. 6. 

For example, with a cojnplete sphere, where GC X = 0, c — c x — a, 



a. 



(2) 




(3) 



Gp 3 Go 

and the cyclic constants of Cl and Q! must be so adjusted as to make, in the 
exterior space 

77 _l_ TT „2 FJ_F ^,3 

(4) 



U+U,_ A a^ F+F 1 _ 4 _a« 



0<r 
But inside the sphere 



= 4 71 



Go 



= Ana, 



r' Gp 



n 



Gt 



= in{\a*-\r\ 



(*) 



requiring a careful adjustment of the cyclic constant ; herein is the difficulty of 
expressing the single-valued potential by means of the multiple-valued £1 and £1'. 
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Similarly for the current function of the concave lens of Fig. 5, 



N—N x _ x L rr , x Mc — M lCl 
2nG 9 ~* 2nGo l ~^ * 2nGo ' 



(6) 



as is evident from (7), § 1 2. 

15. For a thin concave lens, 



1 dV _ 1 W a , i J_ dUc 
Gp dy~ 3 Go sin 2 y + 3 Go dy ' 



dN 



a 



+ i 



dMc 



2nGpdy 3 2n Go sin 2 y 3 2nGo dy 
Keeping A, b, £1 constant, and varying c, r, ft, V, A', D! with y, we find 



(1) 
(2) 



sm 2 y ' 



dc — a cosy dr — a cos ft rd$ a sin ft 

dy sin 2 y ' dy ~~ sin 3 y ' dy 

dV __ A' 2 — a 2 — V 2 dA[___ 2A'V 
dy a ' dy a ' 



(3) 



dDf _dQ.i db' d£l< dA> 
dy " db' dy dA' dy 

x A' 2 -a 2 — b> 2 

■>> n _ __ _ 



= (P'a 



O' A' A' 2 — « 2 + V\ A' 2 — a 2 



: ) 



y% 



D> * D< 

+ (- Pa *** + W ^ + «' + y) =M» 
P'a — Q'A' 



a 



a 



J_dU _ JJ_ cosy , W 

Go dy Go siny Gorsitfy' 

_L ^Z — i JZ J*L i U 2a cosy x W ac 

Gp dy 3 Gosin 2 y 3 Go sin 2 y 3 6r<7rsin 2 y' 



If m denotes the mass of the flat lens. 



m = ±pn 



a' 



3 (1 — cos y) 2 (2 -f cosy) cZm 



sm 3 y 



1 dV 1 dV 



pna" 



dy (1 + cosy) 2 ' 



na a 



Gpdy G dm . (1 + cosy) 



2- 



(4) 
(5) 
(6) 

(7) 
(8) 
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Similarly, from (3), § 1 2, 

dM _ M cosy + if' cos ft U_ a sin 2 ft 



InGady ZnGcsmy Go sitfy 

M cos y , W cos ft — U a .. 

~~ 2 7tG<ys'my Ga sin 2 y' * ' 

1 dN i L a 1 M 2 a cos y , x TT 7 cos ft — U _ac_ / 1n >, 

2* #p ^7 ~~ 3 2 7i£(T surV 3 271^(7 sin 2 y " + 3 Go sm^ ; { ' 

and comparing this (10) with (6), we notice that TT'cosft — U should be the 

W 
current function of — , which proves to be the case, by a differentiation in 

verification. 

16. When y — 0, c, r = oo , - = 1, W = W — U, L — M, 

and -j — , j — take an indeterminate form. 
ay ay 

To evaluate them for the lens, which is now a flat disc, in which the thick- 
ness and superficial density at a point Q varies as Q'A.Q'B — a z — y z at a 

radius 0Q' = y, and for mass (i the superficial density a = — ^(a 2 — y % ), we 

•jta 

calculate the potential v directly by the dissection into ring elements ; and then 

jv__ J. dV__2_ r*« /•« (aZ _ vZ) ydydd m 

G(i~ G dm~ 7ta i Je=oJy=o [ - a y) PQ> > Kl} 

and, with y = 0, 

J _dj _. 1_ dV 7ta* 
Gp dy G dm ' 4 

Integrating with respect to y, with 

PQ ! z = y*+2AycosO + A* + b*, (3) 

£ a (-y 3 + a*y)-^,=-lPQ* + lPO s + lAacos6.PQ 

+ (— |^ 2 cos 2 + A z + a 2 + 5 2 ) (P§ - PO) 

+ -4cos0(4 2 — a 2 — §6 2 — §J. 2 sin 2 0)i, (4) 
where 

/»" c?y _ ._! PQ h-1 PQ _ h _ l g + ^ cos g h _x J. cos g , v 

'-Jo PQ'- Ch PZ Ch PZ- Sh PZ Sh ~PZ~» (5) 



(2) 
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and PZ is the perpendicular on QO, 

PZ 2 = 4 2 sin 2 + & 2 , PO* = A a + b*, (6) 

dl _ _ AacosO + A z + b z ^1 sin _j_ PP. A sin . , 

dO ~ ~ PZ % " • pg + PZ» " K) 

"Writing 

J. cos (A 2 — a 2 — | 6 2 — | ^L 2 sin 2 0) J 

= A [A sin (iL 2 — a 2 — 1 6 2 - § A' sin 2 0) /] 

— .4sin0(4 2 — a 2 — |6 2 — |U 2 sin 2 0)^, (8) 

and integrating again with respect to 0, we find after considerable reduction of 
a previous character that, with y = 0, 

ffpdy 2«fftf Crcr v / • a » v y 

and W can also be calculated in this manner directly, from a dissection of the 
circle AB into concentric rings. 
Thence we infer 

2nGpd r 2nGo^ JL a) tf* *>+ 2 bA b. (10) 

For differentiating, with 

1 dL A dW _ nA 1 dL A dV n . „,. 



2* (r<7 db ~ Go dA ~~~ * ' 2 7 l(r(7a'^ — (?cr d& 

we find 

2a c? 2 ^ _ TT ., , a y ,, _ 2a A d* V_ . . 

2nG P dbdy ~ Gc ^ 3 ° lGp~dAd r ~> W 

2a d*N _ 2LA „WAb _ 2aA d % V „„. 

~ l ~a^ —-tt^jT-jz- ( 13 ) 



2n Gp dAdy 2nGc Go ~ Gp dbdy' 

17. Going back again to the concave lens of finite thickness, we find 

1 d(N-N 1 ) _ lA dW Gc x A (dTJ_ dU x \ 
2^G~p db * A dA ' 0tl+ * A (. c dA Cl dAj 

= lQA(V — bJ- I ^^siQ^-^icfsin 3 ^ 
~ A dA ' 



(1) 
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Fig. 7. 




Fig. 8. 
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l d{N-N l ) ___ ,dW CG _i A (dU dU{\ 

+ \A(CLr x + CL i Z^)<x*Q l 

giving the components of attraction of the concave lens. 

The difficulty is now to return to the flat lens, where c x = oo , introducing 
the indeterminate form 0X»; thus the expression for the potential and current 
function of the flat lens in (7) and (9), § 12, requires 

It^-Wcosyjc^^ + Wb, lt Zc0B ^- Jf ^ = (^-^)^ (3) 

which are not obvious, and require careful treatment. 

18. From the expression in (6), § 15, it should not be impossible now to 
obtain the potential of the thin curved lens from an integration of its ring- 
shaped elements, and so obtain a direct method which employs the dissection 
into elements symmetrical about the axis 00. 

The expressions in (l) ; (2), § 17, will give the magnetic potential of the lens, 
and its current function of vector potential, when magnetized uniformly; and by 
analogy with the ellipsoid in § 11, the same expressions should help towards the 
determination of the velocity function when the lens moves through liquid, like 
the bob of a pendulum cutting the air ; but some modification is required still, 
before the requisite conditions are satisfied. 

Take two spheres in Fig. 7, centre C and D, intersecting in the circle AB 
at an angle y — $ = 2a, y and 5 denoting the angle OG A and ODA; and put 
y + 8 =2 /?, the bisector of the angle DAG making an angle [3 with OC. 

Next take the succession of points I lt I z , , /„, on OB which are the 

electric images or inverse points in succession with respect to the two spherical 
surfaces, denoted by the centre G and D; beginning with I x at G, and I z the 
image or inverse point of I x in the sphere D, I 3 the image of I z in the sphere G, 
and so on; and denote the angle OI n A or I n Na by y n . 
52 
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Then since 

DI Zn _ 1 .DI, n =DA\ and GI Zn . CI Zn+1 = GA\ (1) 

/ 2W J. = C^ /,„_! = DAI 2n+1 , (2) 

* — Yzn = Yzn-i — $ = 7an+i — 7, (3) 

TWi — y«n-i = y — <S = 2 a, 
y2»+i~yi = 2na, 
and with yj = y = a + /?, 



} (4) 



(5) 
y 2 » = 7t—2na. J 7 

If /„ denotes the distance of I n to the right of in Tig. 7, and G n denotes 
the distance CI n , c x being c, the radius of the sphere C, 

f 2n = acot(7t — 2na) = — a cot 2na, / 2ft+1 = a cot [(2» + 1) a + /?], (6) 

c 2 „ = a csc 2 « a, c 2n+1 = a esc [(2« -|- l) a + /?]. (7) 

If Ji, Jz, , J n >- • ■ ■ denotes the series of images, beginning with J x at D, 

then by a change of sign of a, caused by the interchange of y and S, 

g 2n = acot2na, g 2n+1 = — a cot [(2n + l)a — /?], (8) 

d Zn = acsc2na, d\ n+1 = a esc [(2n + 1) a — /3], (9) 

with /and c changed into # and d. 

If the spheres cut at an angle 2a = — , or — , an aliquot part of it, the 

number of images is finite and 2m + 1 , analogous to the finite number of images 
seen by reflexion in two plane mirrors at an angle nr/ni. 

Thus if m is an even number 2p, f p = g p = 0, f p+r = g p _ r ; 
and if m is odd, 2^> + 1, 

•/2p+l := 9zp-l> /zp+r — 9zp-V 

(R. A. Herman, "A Problem in Fluid Motion," Quarterly Journal of Mathematics, 
Vol. XXII, 1887.) 

Denoting the distance Pl n , PJ n by r n , s n , consider first the potential 
function 

jj — £i °z _i_ <% . . . _i_ f?? ~2 _|_ ~i (10) 

ri r 2 r 3 ' " " s 3 s 2 V 

due to the series of a finite number of images I n and J n , beginning with l x at G 
and J t at Z>, and joining up in the middle. 



Over the sphere C, 






r _ <h _ £3 
r 2 r 3 > 


<*2 . 




and over the sphere D, 






s — j d 2 _ d s 

s 2 6 3 


c 2 
'2 
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(11) 

(12) 

so that over the surface of the sphere, U= 1, and U will serve for the potential 
in exterior space of an electrical distribution over the outside surface of the 
intersecting spheres. 

Change the circular functions into hyperbolic, to obtain the electrification of 
two non-intersecting spheres, with images along the line of centres AB, A and B 
being the limiting points of the two spheres, and then Maxwell's coefficients of 
induction and capacity {E. and M., § 173) are given by 

CO 

?(m = 2c 2m _ 1 , 9W> = — 2 c 2n = — Xd 2n , q bb = X d. in _ x ; (13) 

the images being now infinite in number, but condensed ultimately at A and B. 
Next consider the potential function V and its current function N, given by 

y_ __ ^L £? -1 4- ®± = S ( i)n-lf c n 1 d n \ (\4) 

Gro r, n *, Si ' \r n sj' v ' 



2n G 



Grp r x r 2 s 2 s x 

4 cos PI X — ci cos PI 2 — .... — <?| cos PJ.fi + df cos P J x 



# _,B 



p 



= 2 (-1)"- 1 (c„ 3 £=i? + d* 9*=2*) , (15) 

due to a series of spheres, of density ± f p, centres at /„ and J„ , all intersecting 
in the same circle AB, like a series of lenses; a sphere being condensed after- 
wards into a particle at its centre. 

Then with these particles replaced by magnetic molecules, 

reducing, as in (11) and (12), to — y 2 over the sphere G and D\ so that for a 
velocity u of the two spheres in the direction OG through infinite liquid, the 
current function 4 1 and velocity function q> will be given by 

dN $ _ 1 dV 



fu 27tGpdx' \u 6rp dx 



(17) 
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The kinetic energy T of the exterior liquid, taken of density a, will be 
found by integrating over the spherical surfaces ; and will be given by 

- — g (the effective inertia) =i(r / -Q-cos PCOd S 
, C 1 dV n , i /* 1 dN , 

=* G 1 Q- 9 d^ 2n y dy= -^J -<r 9 ih dy 

= -*"[^] + /^3f rf -=-* ff [^]- tf /*^ (18) 

and in passing from the left at H to the right at K of the spheres, N increases 
by 2 #p7i (cf — c| — — dl + df) ; so that 

the effective inertia = a n (cf — c\ — .... — d\ + df) 

— the displacement of liquid. (19) 



Thus when the spheres coalesce, m = 1, c 1 = d 1 = c, and 
the effective inertia = 2anc s — fane 3 = §<7 7te 3 

= half the displacement of liquid; (20) 

a verification. 

For two orthogonal spheres, as in Fig. 8, «i = 2, and there is only one image 
7 2 or J 2 at 0, e 2 = d z ^a; and V is the potential of three lenses, an interior 
double-convex lens, and two exterior concavo-convex, with two interspaces. 
This is analogous to the case of the squarable meniscus of Antiphon and Hippo- 
crates (Simplicius, F. Rudio, Teubner, 1907). 

19. In the reduction in (16), § 2, of 



* = /. 



»» QN Z bd$ m 

PN Z ' PQ K ' 



to Legendre's standard form, and its numerical expression by his Table IX, 
the consideration of imaginary parameters is avoided by the substitution 



PN Z __s — a PQ'' 



QN z ~<y — s 3 ' QN Z <r — s 3 ' 

QN Z _a — s 3 __ a 3 sin a 



PQ 2 s — s 3 2 Act cos 6 + A z + a z + b 2 



(2) 
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This is equivalent to a quadric transformation of Mr. Hill's reduction ; and 
the quadratic for cos 6 is 



o a , _ A a — So * . A 2 + a 2 + b 2 at — s 3 , _ 

cos 2 6 + 2 5 cosy H — g— ! ? — 1 = 0, 

as — s 3 a 15 s — s 3 

\ as — sJ a* s — So a*\s — sJ 



s 3 / a s — s s a \s — s 3 / 

S ■"""■"" S% • S ~~ So 



z > 



with 



(s — s s ) 



r\ + rj _ A z + a z + b 2 _ s l — a 9 s 2 — s 3 
2 a 3 a 3 a — s 3 <r — s 3 ' 

r\ — rj _ 2 A _ 2 x/Cgi — s 3 .s 2 — s 3 ) 
2 a 3 ~ a a — s 3 ' 

n, r 2 _ V^ — g,)± \/(s 2 — s 3 ) 
a a/(c — s s ) ' 

n_+Jj _ I <i — s 3 ri — r% _ | s 3 — s 3 
2a y a — s 3 ' 2a \ a — s 3 ' 

b V (si — a . a — s z ) 



a 



COS = — "/(^l — S 3 • S a — S 3 ) + V(S —- $! , s — s 3 ) 



s — s 3 

. * \/(s a — So . S S,) -I- \j 

sm 



a _ \/(s 2 — s 8 .s — sJ + x/fa — s 3 . s — s 8 ) 
s — s 8 ' 



(5) 



^ = sin l s ~ Ss = -^(sz — s 3 • s — sQ + V(si — s 3 .s — s 2 ) 
a \(T — s 3 ~ \/(s — s 3 .cr — s 3 ) ' 

_ s i n <*1 — W(*2 — s s • s — si) + \A(Sj — s 3 . s — s a )] 3 
a*s 2(s — s 3 ) 3 \/(s — s 2 . s — s 2 ) ' 

_ ^1 — V(s Z — S S - s — s l) + */( s l — s 3 • S — S 2 ) 

(?s 2(s — s 3 )\/(s — s x . s — Sg) ' 

a d \/(<y — s 3 ) ds 

As increases from to n, s diminishes from oo to s x and increases again 
to oo , so that, as in Trans. A. M. S. f p. 491, 

q = 4 r ^^~ g-g-s 2 -g-s 3 ) ds _ 27 if—4Kzn(l-f)K' (6) 

•/si S — V O \ ' / 7 V / 



(3) 



(4) 
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the equivalent of Legendre's formula {ml), Fonctions elliptiques, p. 138, with |£l 
the equivalent of the left-hand side of Legendre's equation, when we put 
Legendre's 

B in»Q = *-Zh f and his n = — A 2 (0, k'), rcsin 2 $ = _^£- 8 , (7) 

S — So S So 



sm 2 6 = sn 2 (l-/)K' = s ^^, cn 2 (l — f)K' 



a — s, 



2 



*i — V ' " ' *i— * 3 ' 



(8) 



K J} Sl -So (n + r*)*' y Sl -s 3 n + r,' 

and then 

^ ^/?7 r i — r % „!;pi 1 — dn 2 /K' (?\ + r 2 ) 2 — 4 A 2 . „ , n v 
dn/it' = -J- — 2, sn*fK' = ^ — v i ■ »/ = sin 2 y, (9) 

denoting the angle PEE' by #, so that ^ = am/iT', and then if PB cuts 
the circle J£J?' again in p, am (1 — •/) K' = .#'.£>. For 

AE _ ^' _ r, OjS' _ n + r 2 _ 1 OE _r x - 



BE BE' r 2 ' OA n — r 2 x' OA~r 1 + r i 



= », (10) 



(12) 



EE' _\ _ x _ ±r x r z _ r x r 2 (u) 

ax r\ — r| A a ' v ' 

^'Jf = OE'- OM—a r A±Il -A- fe + / 2)a - ^4 , 

. , _ MT _ fa + r.,) 2 — 4J L 2 
sm X- EE' 4r^7 2 • 

As P moves round the circle E'PE, x and K do not change, but / increases 
from to 1, and H from at E' to 2 % at E. 

Expressed in terms of E'% and F'% of Legendre's Table IX, the accent 
denoting the comodulus x' t 

/K' = F' Z , zn/K' = E' x -/E', (13) 

zn (1 -/) K< = x' 2 sin * cos * - znfK', (14) 

so that, employing Legendre's relation, 

\ it = ##' + JT'tf - JOT', (15) 

ifl = J Er. J P' % -^(^- J &' x )-^' 2 ?^| 7 ^^ ; (is) 

or, more simply, denoting the angle E'Ep by 6, 

i£l = ±n + (K-H)F'6-KE>e, (17) 

as in Legendre's equation (m 1 ), p. 138. 
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Denoting the angle P'EE< by %' = am/' K', 

£l'=27if> — 4Kzn(l—f')K>; (18) 

and £1, £1' have a cyclic constant 2n for a circuit of the circle E' PE. 

But as P and P' describe the circle in opposite direction, the cyclic con- 
stants cancel in the expression of V; otherwise, if a cyclic constant could exist 
in a gravity potential, work could be obtained from a circuit, or in the popular 
expression, perpetual motion would be possible. 

The potential and attraction is a single-valued function, but expressed by 
£1 and £l', functions having a cyclic constant 4 n for a circuit of the circle EE' ; 
and care must be taken to adjust the cyclic constants at any point P, although 
they cancel when P has made a circuit of the circle EE 1 in one direction, and 
P' in the opposite. 

Thus as P moves in the direction PE, and £1 increases from zero at E', 
£1 may be taken to have gained An in passing through E 1 , and 4n must be 
deducted, so that 12 should be zero again at E' at the end of the circuit. 

So, too, P' moves in the opposite direction, starting from zero at jE"; and 
£1' must lose 4 n, and have 4 n added in passing through E. 

Compare the gain or loss of a day in going round the world, moving east 
or west. 

20. According to this reduction in § 19 of the elliptic integral 

'" 2 a d 6 _ . I <r — s s f"° Vfa — s 3 )ds 



p _ f' 2add _ . | <r — s s / <c ° \/(gi - s 3 
Jo PQ \ «, — *,./«, */S 



4 tfdn (!-/)* = lf|.; (1) 



and with 



— ( \ l —i \ & nZu 



(2) 



cos 6= — x sn a u -f- en u dn u, smd = (xenu + dnu)snu; (3) 

and u grows from to 2 K as 6 increases from to n, so that 

Q = Jo PQ = 2 >|^7 f i (^"tt-entidniOdti 

. dn(l— f)K' /** , . , , 

= 4 ^ -LI — I (1 — dn 3 wWw 

x Jo v ' 
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H denoting the complete elliptic integral of the second kind, to modulus x ; 
and then 



Jo -TQ- de = 2a J' 8me PQ 



X2K 
(xcnu + dn u) 2 sn 2 udu 

8 a 2 C K 

= — ; — / (x 2 cn 2 u 4- dn 2 u)sii 2 udu 

r! + r 2 Jo v T ' 

(l+ x 2 )ff-(^~-jS)K (5) 



8a ; 
r i + r z' 3 x* 

21. In Maxwell's notation, K and M., § 701, 



M=27tQA = 4n(K—H)(r 1 + r 2 ), % — '-± 



r, — r 9 



n + r,' (1) 

his second expression when corrected j but if a return is made to the modulus c 
employed in Maxwell's first transformation, and in Mr. Hill's reduction, a prep- 
aration is made of the expression of £1 by means of the theorems in §47, (1), 
(4), (9), p. 505, Trans. A. M. S., 1907, where with 

^MN.PQ 



i *~ sm PN.MQ- 



COS" 



PN.MQ 

= complement of the angle between the planes PQN, PQM, (2) 

a differentiation gives 

dI 4 __QN 2 b , AacosB + a 2 b 
d6 



PM 2 
1 dQ. 
2 dO 



_& , A a cos B + a 2 

PQ + MQ*~ 






(A" 



MQ'< 



' PQ 
a 2 ) b 
• PQ' 



(3) 



which exhibits the addition of the imaginary parameters in Mr. Hill's treatment- 
The reduction to a standard form is made, without any rearrangement of 
the constituents, by the substitution (Trans. A. M. S., § 26, p. 477) : 

PQ 2 = r 2 = A 2 +2Aacosd + a 2 + b 2 = m 2 ^ — t), 
PA 2 = r\ = (A + a) 2 + b 2 =m 2 (t x — t s ), 
PB 2 = r 2 = (A — a) 2 + b 2 =m 2 fe — t,), 
r? — r 2 = 2Aa(l — cos 0) =zm 2 (t — t s ), 
r 2 — ri=2Aa(l+ cos 6) = m 2 (t z — t), 
2 AasmB — rn^^/^ — t.t — ts), 2 Aa sin0 dB = m 2 dt, 

dt dB dt 2dt 



d$ = 



\/(t z — t.t — t 3 )' PQ m^/^ — t.tz — t.t — ts) ni^T' 



(4) 
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r now denoting PQ, and m a homogeneity factor; and then 

p __ P" 2ad$ „ 4a /»«» dt _ 4« p t/fa — Qdt __ 4 Pa ,-x 

Jo PQ m Ju */T~ ~r\~J VT r x ' W 

where F denotes the elliptic quarter period to the modulus c (not to be confused 
with the radius of the spherical surface), where 



and 



c — -g-, c — -, \o; 

h — h r i r i 

n/r n^nA — o- /** — SAaCOSddd __„ _ P t2 /o4 * 4\ dt 

M=27tQA = 2nJ o -pQ — 2nm J^ (2t — t z — t 3 )~^p 

= 2nmf[t 1 -t 8 + t 1 -t z -2{t 1 -t)-]-^ T . (7) 

We now put 

tx — t = fa — 1 3 ) dn z u, t z — t = (t z — t 8 )cn 2 u, t — t 3 = (t e — ^)sn a w, (8) 

so that 

= 2a = 2 am (w, c), o = -4-8$, on Pig. 3, (9) 

M= 27tr 1 f K (l+c' z — 2dn z u)du 

= 2nr 1 [{2 — <?)F—2E'], (10) 

agreeing with Maxwell's first expression for M in E. and M., § 701, when his 
sign is changed; E denotes here the complete second elliptic integral to the 
modulus c. 

Other useful formulas are : 

f Q Z * PQdd = 4r 1 £ i " Aada = 4Er u (11) 

P = il^=*JpL, F=(l+x)K, K=Ul + e>)F, (12) 

r i r i + r z 

P - = 4 Kx" mf F^( K ' = 4 Fc> sn 2 /F'. (13) 

a dn/A' v 

53 
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22. When P is close to the circle AB, at B, r z is small and P is large ; 
writing it 

p_ C 2 * a <%Q P^ 4 a da _ P 4 a s in a d a , P 4a(l — sin a) da ^n 

Jo ~PQ~~Jo ~PQ J PQ "W PQ ' lJ 

the first integral 

Xi" 4asmada_ 4a , _ t PQ /*** 4asmada _ |a p u-i»i 

PQ s/(r?-ri) Cn r z > Jo PQ ~ \ A c r 2 

= 2 ^a log n+2^(M, ultimately 2 log^, (2) 

with »*i=:2o, J. = a ; and 

Jo PQ ^ r x J cosa J 1+sino s ' v ' 

so that, when r % is small, we may take 

8 a 
P = 2 log 1- small terms, (4) 

p n — /*" g(j + c osflja'e 

^ -y -Jo PQ 

8a /*** cos 2 6)0*0 -8a /"^ , „„ 8a /K v 

= — / <" — I cosuoo or — , (5) 

r x Jo A a r a *f r x ' 

and replacing r x by 2 a, 

Q = 2 log 4 + small terms = 2 log -^ H small terms, (6) 

8 a 
M= 2nQA = 47talog-z 1- small terms. (7) 

e r % 

23. In this reduction of the third elliptic integral, we put 

MQ 2 = A 2 + 2Aacose + a z = m*(*—t), PM Z = b 2 = m'fa — r), 
MA 2 =(A + a) 2 = m 2 (<r — t z ), MB 2 = {A- a) 2 = m 2 (r — t 3 ), 

and with 



(1) 



pi - h — * _ & 2 - 



sn 8 2/P' = p^ = - a = sin 2 ^, ^ = am (2/P', c'), (2) 

where 4 denotes the angle PBE', growing from to it as /increases from to 1, 

P" %{A 2 — a 2 ) bdB _ /•*» */(t l — *.r—t t .* — t s ) dt 
Jo MQ 2 ' PQ~ Jt, ~~ * — t V? 

= 7t/+Pzn2/P', (3) 
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in accordance with Legendre's equation (m')j thus from (3), § 21, 

r> — or. P u Wfe - r.r— t 2 .t — 1 3 ) dt P2s/(t — r)dt 

n ~ 2Ji+ X v=i ^rr~J — vr — 

= 2 Ii + 2 7i/ + 2 i^zn 2/ J*' — 2 JV sn 2/^', (4) 

agreeing with (6), §19, provided I t = 0, and 

2 i?V sn 2/^' — 2 i?zn 2/i^' = 4 iTzn (1 — /) K', (5) 

2 JV sn 2/ J" + 2 i^zn 2/i<" = 4 Kzn/K', (6) 

a theorem of the quadric transformation of the zeta function. 

The result of (2), § 12, will represent the current function or lines of magnetic 
force of the electric current circulating round the circumference AB, or of the 
circular plate AB magnetized normally; and this magnetic plate is equivalent 
to a compound plate composed of the superposition of two thin plates of super- 
ficial density ± a. 

When these two plates are drawn apart on the same axis to a distance b, 
the result is equivalent to an integration with respect to b, and L is obtained for 
the pair of end-plates, or for the cylinder magnetized longitudinally; also for the 
equivalent solenoid made by a current sheet of electricity circulating circum- 
ferentially, giving the same magnetic field as the helical current of the Ampere 
balance. 

In the hydrodynamical interpretation, the difference of the two values of L 
for an end of the solenoid will give the lines of flow of liquid, circulating through 
the solenoidal tube. 

Then, with the former method of integration by parts, 

* = r-QAdb= r f" **«****** = r Aa cosS nh->4- n de 
2rtGr<y t/o ^ Jo Jo PQ Jo MQ 

2 sin 2 bdd 



r a ■ -a 1,-1 & V rA*a 



MQ* • PQ 
i Aa cosd -i (A* + a*) + I ( AS - Q f^ yj™, (7) 



which agrees with (1), § 12, when the result of (3), § 23, is employed. 
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24. Denoting the integral in (3), § 23, by II{MQ), then by addition of 
(3), §4, and (2), §21, 

J 4 = / 3 + / 4 = -J/ W ) + /i^ + / C ^-^^^r iBCOSy) -^ > CD 

Ji ~ sm LQ7MQ *~ LQ.MQ 

= the complement of the angle between the planes PQM, PQL. (2) 

Similarly for the point P', and 

II (M'Q) =f HA M,Q Z aZ) • ^ = */' + Fm 2/' F>, (3) 

Jl =*l + II = -H(M'Q) +f^~- 

. P (c z — r x) (c cos <p — a; cos y) dd ,.. 

+ j » — as 8 * PQ- W 

Thence, by addition and subtraction, 
J i + Jl + II(MQ) + II(M'Q) 

■liu i t./\ C dd , r (r + c) (c cos d) — a; cos y) dd 

dd 



i (cos 

_____ .___ ) 



/*c(r + c) (cos<£ + cosy) <Z0 , , 



Ji -Jl + Q. (MQ) - £1 (M'Q) 

x ,-, ta r dd , r (r — c)(c cos q> — x cos y) dd 

~^ b b) JpQ + J c~=x 'PQ 

= [*(6-60+(r-o)«By]/ : p| 

/■ c (r — c) (cos ft — cos y) dd , ft x 

+ J O - 2 ' P^ 5 l ' 

thus showing the addition and subtraction of the parameters of the third elliptic 
integrals, £l (c) and _i( — c), where 

£l( c ) = C c ( r ~ g) ( cos 7 — cos ft) ^0 
J g — a; 



■* PC' 

£l(—c)= f c ( y + c) (cos y + cos 4>) <Z0 

v ; J c + x " pg' 



(7) 
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Expressed by the variable r = PQ, or by Ao, with 

E = rf — r 2 . r z — rg , r = r 1 Aa, a = ^6, (8) 

and reinstating Mr. Hill's x 1 , 

r) ( \ C 2 o a/ (a/ — c) (cos y — cos ft) dr 

[G) ~ J r 2 —(x' — cY *SR 



(a/ — c) 2 " VjB 

:' (a;' — c) (cos y - 
r?A*o — (a/ — cf r\ Ao' 

,_ ,. p 2cx f (a;' + g) (cos y + cos ft) dr 

"I cj - J 8 _ ^ . -^ 



/2ca;'(a;' — c)(cosy — cos ft) 1 da ,„•> 

r?A*a — (x> — c? * jn Ao ' l ' 



(a/ + c) 2 — r 2 ' V# 

/ 2 c a/ (a;' + c) (cos y -f cos ft) 1 da ,.. , 

(a/ + c) 2 — r/ A 2 o " "^ A^ ' U j 

two elliptic integrals of the third kind, in Legendre's normal form, to a modulus c 
as in §§ 21, 23, not to be confused with the radius of the spherical surface. 

The exploration of the field can be carried out for simple aliquot values 
of/, such as/=J, |, |, J, |, |, ...., when zn/K' can be expressed as 
an algebraical function, as shown in Trans. A. M. S., § 60, p. 521. 

Denoting the angle PAE' by ty, 

sin ^' = (/sin 4-, cos^' = dn2/ J F", t a ^ = ^£ = c / sn (i-2f)F>; (11) 

£1 = 2rt/+ 2Fzn2/F' — 2.FsiinJ/. (12) 

The stereographic coordinates « and w are useful to employ, such that 

6 + Ai = a tan J (« + «»), ft, ^ = a f int »» Bh « (13) 

v y cht? + cosm' v ' 

A P 
eV -p^ = G '' » = APB = + -# = * -2$, $ + $ = 2%, (14) 

since PE bisects APB; and a esc u is the radius of the circle round ABP. 
Thence the formulas of the quadric transformation, 

+ = ln-e + X , sm^ = cos(6- x ) = (l+ x ) 8iQ % cos % , (15) 

Ax 

snVF> = (y + x ) ™fKpJ K ' . p.) 
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Thus when/= §, A = a, 4 1 = J n, sin 4-' = c', so that APB is the modular 
angle for c; and from (4), (5), (6), § 23, and (12), § 21, 

4KzniK'=2Fc', zniJT=i(l— x), 

£l = n — 2Fc> = 7t— 2 JT(1 — «), 

•£ _i/D_i/n\A t, f*a(l — cos 6) d 8 4a?b /•** sin s 6) , 
- — 77- = i (P + Q)ab=iab | -i _ ^ 7 = I — da 

4a z b F — E 



,2 



= (JF ' — E)br x — (F — E)d 'rf; 



and when & = 0, d = 0, F= *> , but F'c = 0, Cl = n, L = 0. 
When /=i (PM. TVww., 1904, p. 261), 

C0S ^ = f-q7T> cos^' = ^^, zn 2/P' = ~P + 3 V p(3>p >1), 
sec 4 — sec 4*' = 1, equivalent to sin^ + cos0 = 1. 
When /= I (Phil Trans., p. 276), 

ft 

cos 2 4* = , , cos 3 4' = c, zn 2/.F 7 = £ (1 — c), tan 4 = sec 4'« 
1 -\- c 

When /= | (Trans. A. M. S., p. 522), 

rin*= » s inH' = (j? + 1) |-^ + 3) > zn2/P'=^f 3 +^, 

j? + 1 ' 4p 12\/j> ' 

tan^-tan^ / = !~ S i n t > tan»4/= 2rin *7 * . 

l+sinif- cos 2 ^ 

London, 1 Staple Inn, W. C, December 13, 1910. 



